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Abstract
We examine the nonperturbative effect of instrinsic maximum momen-
tum on the relativistic wave equations. Using the momentum rep-
resentation, we obtain the exact eigen-energies and wavefunctions of
one-dimensional Klein-Gordon and Dirac equation with linear confin-
ing potentials, and Dirac oscillator. Similar to the undeformed case,
bound state solutions are only possible when the strength of scalar
potential are stronger than vector potential. The energy spectrum of
the systems studied are bounded from above, whereby classical char-
acteristics are observed in the uncertainties of position and momen-
tum operators. Also, there is a truncation in the maximum number of
bound states that is allowed. Some of these quantum-gravitational fea-
tures may have relevant applications in quarkonium confinement and
quantum gravity phenomenology.
Keywords: Modified Commutation Relations; Generalized Uncertainty
Principles; Minimum length; MaximumMomentum; Generalized Dirac Equa-
tion; Quantum Gravity Phenomenology.
1 Introduction
Linear confining potentials in the relativistic regime are important quantum
mechanical models to examine the phenomenology of quarkonium and their
confinement properties. It was well studied that when the linear potential
is introduced as a Lorentz scalar in the relativistic wave equation (RWE)
such as Klein-Gordon (KG) or Dirac equation, quantum confinement is pos-
sible [1, 2]. This is because a scalar potential in RWE is equivalent to a
position dependent of the rest mass similar to the MIT bag model of quark
confinement [3].
If the potential is introduced as a Lorentz vector, no bound state solu-
tions are possible due to the existence of the Klein paradox [4]. In this case
only tunneling solutions are possible. For the mixtual of both scalar-like and
vector-like potential, bound states can only exist if the strength of scalar-like
potential is stronger than the vector-like potential [5]. For the critical case
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when the strength of the both potentials are exactly equal, confinement is
impossible and only scattering solution arises [2].
Dirac oscillator is the dirac equation in which the momentum is replaced
by the non-minimal coupling ~P → ~P − imωβ~r, where ~r is the position
operator, m is the particle mass, β is the usual Dirac matrix and ω is the
frequency of the oscillator. It has been used to model quark confinement
in strong force. The non-relativistic limit reproduces the usual harmonic
oscillator with very strong spin-orbit coupling. These properties are valid
under usual Heisenberg commutation relation.
Modified commutation relations (MCR’s) have been extensively studied
as an effective means of encoding potential gravitational or stringy effects [6–
11]. It has also been suggested that the consequent deformations of quantum
mechanical spectra might be detectable in future low-energy experiments
[8, 9, 12].
While most of the studied MCR’s incorporate a minimum position un-
certainty and usually leads to the concept of minimal length [6, 8, 9] which
generally known as the main prediction by generalized uncertainty principle
(GUP), there are others that exhibit a maximum momentum cutoff [13–20]
as in Doubly Special Relativity (DSR). We have investigated large classes
of deformed quantum mechanics of the latter type and used it to study
several quantum mechanical systems such as deformed harmonic oscillator
(DHO) [20], a particle in potential well/barrier and their bound/scattering
states [21] as well as generalized coherent states with maximum momen-
tum [22].
In one-dimension, the relevant modified quantum algebra is
[X,P ] = i~ f(P ) , (1)
with f(P ) = 1 in usual Heisenberg’s quantum mechanics. Intrinsic maxi-
mum momentum arises when f(P ) has a singularity [19,20] or a zero at some
P = P0 [13–18, 20]. One effect of maximum momentum is that the spec-
trum of bound states terminates at finite energy even for potentials like the
harmonic oscillator [20]; this is in contrast to MCR’s which exhibit instead
a minimum position uncertainty [6, 8, 9].
In Ref. [20] we focussed on the class of MCR’s defined by characteristic
function
f(P ) = 1− 2αP + qα2P 2 (2)
where α > 0 and q are real parameters. Indeed, α is the deformed param-
eter with dimension of inverse momentum, α = α0Mplc =
α0LPl
~
such that
Mpl ≈ 1019GeV/c2 is the Planck mass and Lpl ≈ 10−35m is the Planck
length. The dimensionless parameter α0 is usually assumed to be of order
unity, which implies the α-dependent terms are only important in the Planck
regime, i.e. when energy and momentum are comparable to Planck energy
(momentum) and the size is of order Planck length. This form of MCR leads
to DSR-inspired modified uncertainty principle (MUP) which is consistent
with string-theory GUP and results from black hole physics.
For q ≤ 1, eq.(2) has a zero and hence (in momentum space) eq.(1)
implies an intrinsic maximum momentum. For q > 1 there is no intrinsic
maximum momentum but rather a minimum position uncertainty. For sim-
plicity, we consider only the case q = 0 and the generic result should be
similar for all q ≤ 1.
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In Sect.(2) we review the main relations of quantum mechanics based on
MCR’s and discuss the ideas of minimal length and intrinsic maximum mo-
mentum cutoff. In Sect.(3), modified dispersion relation is considered up to
leading order correction. Superluminal propagation of photons is possible by
MCR in the Planck regime which consistents with the varying speed of light
phenomena. In Sect.(4) we study the one-dimensional free (and with both
scalar/vector-like potential) KG equation. Using momentum and position
representation interchangeably, we solve the bound state energy spectrum
and corresponded wavefunctions. We show that, for spinless particle sat-
isfies KG wave equation, the energy spectrum is bounded from above and
hence the number of the bound state solutions is finite. This is the generic
result of MCR’s with intrinsic maximum momentum cutoff as in their non-
relativistic counterpart [20–22]. In Sect.(5) and (6), with the same token we
consider the Dirac equation with scalar/vector linear potential and Dirac
oscillator respectively. The bound state energy spectrum, wavefunctionas
and number of state are determined. Also, we compute the MUP for Dirac
oscillator and show that the non-relativistic limit reproduces same feature
as DHO. Finally we conclude in Sect.(7).
2 Quantum Mechanics with Modified Commuta-
tion Relations (MCR)
The full set of three-dimensional deformed commutation relation is given by
[Xi,Xj ] = [Pi, Pj ] = 0 for all (i, j) (3)
[Xi, Pj ]r ≈ i~
[
δij − α
(
δijP +
PiPj
P
)
+ α2(δijrP
2 + (2r + 1)PiPj)
]
(4)
where α and r are parameters to specify the MCR. For r = 0, Eq.(4)
corresponds to the one-parameter deformed commutator which is at most
quadratic in momenta and which satisfies the Jacobi identity exactly. For
one-dimension, (4) reduces to (1) and (2) with q = 3r + 1. Note that the
coordinate space is commutative.
Next, consider an explicit representation of the position and momentum
operators obeying relation (1) and (2) in momentum space
P φ(p) = p φ(p) (5)
X φ(p) = i~f(p)
∂
∂p
φ(p) = i~
(
1− 2αp + qα2p2
) ∂
∂p
φ(p). (6)
It is clear that for real momentum p the polynomial f(p) has roots at (1±√
1− q)/(αq). Thus for q > 1 the roots are away from the real line and (1)
and (6) are well defined. However for q = 1 there is a doubly degenerate real
root and a momentum cutoff P < 1/(qα) is required. For q < 1 there are
two real roots except at the point q = 0 where there is only a single real root
at 1/(2α). The position and nature of these roots determine qualitatively
the different features of the deformed spectrum [20].
We obtain the resulting uncertainty relation from the sub-class of MCR
from (2)
∆X∆P ≥ 1
2
〈[X,P ]〉 ≥ ~
2
(1− 2α〈P 〉 + qα2〈P 2〉) . (7)
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This can be written as the MCR-inspired MUP
2∆X
~
≥ (1− α〈P 〉)
2
∆P
+
(q − 1)α2〈P 〉2
∆P
+ qα2(∆P ) (8)
for all real q parameter. Particularly, for (q − 1) > 0 the right side of (8)
is positive and increases when ∆P tends to zero or infinity. Thus there
exists a sub-class of the exactly realised MCR’s for which ∆X has a nonzero
minimum; such a minimum position uncertainty is usually associated with
some fundamental length scale [11] and originally motivated by the search
for deformed Heisenberg algebras that would realise such scenarios [6, 18].
Simply on dimensional grounds, (∆X)min ∼ O(~α).
q = 1 in (2) is an exact MCR with maximum momentum cutoff Pmax =
1/α [20]. For the truncated versions of the MCR’s displayed in (2), q > 1
seems to allow for a minimum position uncertainty but no intrinsic mo-
mentum cutoff while for q ≤ 1 we have a maximum momentum cutoff but
apparently no minimum position uncertainty. Beside the minimal length
which is predicted by quantum gravity theory, an intrinsic maximum mo-
mentum of O(1/α) which is favoured by deformed special relativity [13] can
be realised with MCR’s in (2) with certain range of q values.
It is worthwhile to note that the MCR-inspired MUP (8) also exhibits a
peculiar form of the UV/IR mixing that may allow short distance physics to
be probed by large scale physics and vice versa. From (8), when ∆P is large
(UV), ∆X is proportional to ∆P (for q 6= 0). Thus ∆X is also large (IR).
This scenario is expected from most of the quantum gravity phenomenology
such as AdS/CFT correspondence and noncommutative field theory.
Since the MCR in (2) exhibits minimal length for certain range of q
values, i.e. q > 1, we do not have the notion of localization in the position
space for all q values. By construction, there is no minimal momentum in
MCR’s. Thus, momentum space becomes more convenient for the analysis
of any eigenvalue problem 1. Hermicity of X operator (6) requires the weight
function 1/f(p) in the inner product:
〈φ|ψ〉 =
∫ pmax
−∞
dp
(1− 2αp + qα2p2)φ
∗(p)ψ(p). (9)
Note that the upper integration limit has to be set to p = pmax for the
case q ≤ 1 in order for the convergence of the integral involved. For q > 1,
pmax →∞.
3 MCR Dispersion relation and Varying Speed of
Light
For q ≤ 1, we consider the position representation since there is no minimum
position uncertainty [21]. The exact representation in position space for
q = 1 is
Xi = xi (10)
P i =
pi
1 + α|p| (11)
1We will concentrate on q = 0 case in which there is maximum momentum cutoff but
without minimal position uncertainty. In fact, for q ≤ 1 we have the flexibility to use
either position or momentum space.
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while for q = 0
P i =
1
2α
(1− e−2αpi). (12)
Here (xi, pi) are usual low energy canonical pairs that satisfy the Heisen-
berg algebra, [xi, pj ] = i~δij and |p| = √gijpipj is the magnitude of the
3-momentum. We denote Pµ as the four momentum2. Thus for q = 1 we
have
Xµ = (x0, xi) (13)
Pµ =
(
P 0 = E/c, P i = pi (1− α|p|+ α2|p|2)) (14)
while for q = 0
Pµ =
(
P 0 = E/c, P i = pi (1− α|p|+ 3
2
α2|p|2)) (15)
where perturbatively we only keep terms up to O(α2) [23]. Consider q = 1
and denote the generic background metric as gµν , the norm of P
µ is
PµPµ = gµνP
µP ν = g00
(
P 0
)2
+ gijP
iP j
= g00
E2
c2
+ gijp
ipj
(
1− α|p|+ α2|p|2)2
= g00
E2
c2
+ |p|2 + |p|2(−2α|p|+ 3α2|p|2). (16)
Since the undeformed dispersion relation is pµpµ = g00E
2/c2+ |p|2 where
pµpµ is the Casimir invariant of the usual Lorentz group given by the term
−m2c2, we obtain the modified dispersion relation in terms of low energy
momentum as
PµPµ = −m2c2 + |p|2
(−2α|p|+ 3α2|p|2). (17)
One can invert (14) to express the undeformed momentum pi in terms of
deformed P i, i.e. pi = P i(1+α~|P |) where |P | =√gijP iP j . For simplicity,
we keep up to leading order correction O(α). Thus, (17) takes the form of
PµPµ = −m2c2 − 2α|P |3 = −m2eff c2 , (18)
where we define the modified effective mass due to MCR asmeff :=
√
m2 + 2α|P |3/c2.
This correction can be viewed as the correction due to Planck length physics.
Making used of PµPµ = g00(P
0)2 + |P |2, Eq. (18) can be written as
(P 0)2 = − 1
g00
[
m2c2 + |P |2(1 + 2α|P |)] , (19)
and thus the energy of a particle in the gravitational field gµν [24] with MCR
is
E2 = (−g00cP 0)2 = −g00c2
[
m2c2 + |P |2(1 + 2α|P |)] (20)
= E20 − 2g00c2α|P |3.
Here E20 = −g00c2(m2c2 + |P |2) is the usual dispersion relation. If we con-
sider Minskowski spacetime g00 = −1 and set m = 0, the photon’s group
2Greek indices run from (µ, ν = 0, 1, 2, 3) whereas italic indices run from (i, j = 1, 2, 3).
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velocity is define by vp = ∂E/∂|P |. From (20) one can solve |P | in terms of
energy E by iteration,
E2 = c2|P |2(1 + 2α|P |)
⇒ |P | = ±E
c
(
1± αE
c
)
. (21)
Hence up to O(α), the modified photon velocity is ,
vp = ∂E/∂|P | = ±c(1 + 2α|P |)
≈ c
(
±1 + 2αE
c
)
= c
(
1 +
2αE
c
)
(22)
where we choose “+” sign by the consistency condition, i.e. vg = c as α→ 0.
Thus we have energy dependent velocity of light at the Planck length regime.
This superluminal photon propagation, i.e. vg > c is consistent with Varying
Speed of Light (VSL) phenomena [25–27].
4 MCR and the Real Klein-Gordon equation
In relativistic quantum mechanics, the equation of motion of a quantum
scalar or pseudoscalar field which describes the spinless particles is given by
the Klein-Gordon (KG) equation. In (1+1)-dimensions, it is given by [28]
c2p2xφ(x, t) = (E
2 −m2c4)φ(x, t). (23)
We recognise (23) as the classical wave equation including the mass term
m2c4. If we choose the representation px = −i~∂x and E = i~∂t, we end up
with the free KG equation
( ∂2
c2∂t2
− ∂
2
∂x2
+
m2c2
~2
)
φ(x, t) = 0 (24)
with the free solution φ(x, t) = ei(kx−ωt) where ω = E/~ and the dispersion
relation k2 = E2/~2c2 −m2c2/~2.
Using the exact representation (12), the q = 0 deformed KG equation
can be written as
c2
(1− e−2αpx
2α
)2
φ(x, t) = (E2 −m2c4)φ(x, t). (25)
Suppose we take the anstaz φ(x, t) = ei(k
′x−ωt) and choose the undeformed
representions of (px, E) as in (24), we have
(1− e−2α~k′
2α
)2
= ~2k2 ⇒ k′± =
− ln(1∓ 2α~k)
2α~
(26)
and we see that k′± → ±k smoothly when α → 0. Note that wave vector
(26) is an exact expression since we have used the exact representation (5).
The wave solution of q = 0 deformed KG equation is
φ(x, t) ∝ e−iωt(eik′+x + eik′−x)
= e−iωt
[
e
−i ln(1−2α~k)x
2α~ + e
−i ln(1+2α~k)x
2α~
]
≈ e−iωt
[
eikx(1+α~k) + e−ikx(1−α~k)
]
(27)
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where k is the usual wave vector that satisfies the dispersion relation. For the
maximum momentum state k = 1/(2α~), the wave function (27) oscillates
rapidly. Furthermore, we can define the non-degenerate effective mass m±
to be proportional to the effective wave vector as
(m±c
~
)2
=
ω2
c2
− (k′±)2, (28)
which can be further written as
m± =
~ω
c2
√√√√1−
[
c ln
(
1∓ 2α√~2ω2 −m2c4/c)
2α~ω
]2
≈ m
[
1∓mc
(
~
2ω2
m2c4
− 1
)3/2
α
]
+O(α2). (29)
We see that both effective mass m± smoothly reduce to the ordinary
mass when α → 0. Thus, the q = 0 deformed KG equation with MCR(2)
describes two particles with effective mass m±. We constrast this result to
the stringy model with minimal length, i.e. Quesne-Tkachuk algebra [29] in
which the latter consists of one ordinary particle and one Weyl (conformal)
ghost. The ghost particle breaks the usual Lorentz symmetry and gives
negative contribution to the energy. As a result, the Hamiltonian is not
bounded from below in stringy model and one has to introduce indefinite
metrics in the field theory sector [30].
Similarly, for q = 1, we have
k′± =
k
±1− kα~ (30)
φ(x, t) ∝ e−iωt
[
e
ikx
1−kα~ + e
−ikx
1+kα~
]
≈ e−iωt
[
eikx(1+α~k) + e−ikx(1−α~k)
]
. (31)
The maximum momentum state occurs at k = 1/(α~) where the wave func-
tion (31) oscillates rapidly. Similar to q = 0, the effective masses are
m± =
~ω
c2
√
1−
[
1−m2c4/(~2ω2)
(±1− α√~2ω2 −m2c4/c)2
]
≈ m
[
1∓mc
(
~
2ω2
m2c4
− 1
)3/2
α
]
+O(α2). (32)
To leading order O(α), (32) is the same as the q = 0 case.
4.1 MCR and the Real Klein-Gordon equation with scalar
and vector linear potential
Consider the KG equation for a spinless particle of mass m in the presence
of a linear scalar S(x) and vector V (x) potential [31](
c2P 2 + [mc2 + S(X)]2 − [E − V (X)]2)φ = 0. (33)
The vector potential is obtained by gauge invariant minimal coupling through
Pµ → Pµ − gAµ where g is the real gauge coupling constant of the inter-
action. We set the spatial component of vector field ~A = 0 and write the
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time component as S(X) = gA0(X). This can be viewed as the position
dependent rest mass term, i.e. the MIT bag model in quark confinement to
avoid Klein paradox [3].
The potentials are assumed to be linear and take the form of
S(X) = λX , V (X) = κX (34)
where (λ, κ) are constants describing the strength of the potentials and have
dimension of V m−1. With these potentials, (33) in momentum space takes
the form[
U2 +
c2P 2
λ2 − κ2 −
(λmc2 + κE
λ2 − κ2
)2
+
m2c4 − E2
λ2 − κ2
]
φ(P ) = 0 (35)
where we have completed a square and define the scaled position operator
as
U = X +
λmc2 + κE
λ2 − κ2 . (36)
For q = 0, we use the representation P = p, X = i~f(p)∂p ≡ −2iα~∂ρ
where we have performed a change of variable3 p = (1−eρ)/(2α) which map
p ∈ (−∞,∞) to ρ ∈ (−∞,∞). Since U and X are related by a constant
shift, we have [U,P ] = [X,P ]. This allows us to choose U = −2i~α∂ρ. With
this representation, we have[
− ∂
2
∂ρ2
+ V1(ρ)
]
φ(ρ) = ǫ¯ φ(ρ) (37)
with the definition of dimensionless parameters defined as following
ǫ =
m2c4 − E2
4α2~2(λ2 − κ2) ; θ =
λmc2 + κE
2α~(λ2 − κ2)
δ = 2α
√
~(λ2 − κ2)1/2
c
; ǫ¯ = θ2 − ǫ (38)
and the effective potential
V1(ρ) =
(1− eρ)2
δ4
, −∞ < ρ <∞. (39)
The potential is similar to Morse potential which has one minimum at
V1(ρ = 0) = 0, approaches positive infinity as ρ → ∞ and approaches 1/δ4
as ρ→ −∞. Thus, the bound state spectrum has a maximum energy limited
by the depth of the well, ǫ¯max ≤ 1/δ4, which translates to
(
λEmax + κmc
2
)2 ≤ c2(λ2 − κ2)
4α2
; |λ| > |κ|. (40)
For real energy and mass, we see that bound states can occur only when
the scalar potential term S(x) = λX is sufficiently stronger than the vector
potential V (x) = κX, i.e. (λ2 − κ2) > 0 [1, 2]. Also, no bound states exist
for the case S(X) = ±V (X). Furthermore, if potential is introduced as the
time component of the Lorentz vector (λ = 0, κ 6= 0), there is no bound
states and only tunneling solutions arise. All these are consistent with the
3In ρ representation, (35) can be rewritten to a Schrodinger-like equation.
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undeformed case [32, 33] even with the existence of the intrinsic maximum
momentum cutoff.
In the nonrelativistic limit (i.e. c → ∞), the energy spectrum (E =
Enr +mc
2) reads,
Enr ≤ (1− κ/λ)
8mα2
− mc
2(1 + κ/λ)
2
. (41)
For purely scalar confining potential i.e. (λ 6= 0, κ = 0) we have
E2 ≤ c
2
4α2
, and Enr ≤ 1
8mα2
− mc
2
2
. (42)
From (42) it seems to suggest that there is no bound state solution in the
non-relativistic limit when α > (2mc)−1.
4.2 The ρ-Representation and Exact Result
We proceed to determine the exact bound state energies and wavefunctions.
We just outline the main steps4. Firstly, an asymptotic analysis identifies
the dominant behaviour of square-integrable solutions at the two ends, and
then one uses an ansatz for the wavefunction which includes that information
to simplify the differential equation. With a further change of variables
ξ =
2
δ2
exp(ρ) ; 0 < ξ <∞ , (43)
which changes the weighted measure to
∫ dξ
2αξ , and defining
k ≡
√
1
δ4
− ǫ¯ > 0 , (44)
n˜ ≡ 1
δ2
[
1− (1− δ4 ǫ¯)1/2
]
− 1
2
, (45)
we obtain
φ(ξ) = e−ξ/2f(ξ)
(δ2ξ
2
)k
, (46)
where f(ξ) is a remaining function that satisfies the reduced equation
ξ
∂2f(ξ)
∂ξ2
+
(
2k + 1− ξ
)∂f(ξ)
∂ξ
+ n˜f(ξ) = 0. (47)
The positivity requirement on k comes from the square-integrability con-
dition at ξ = 0 (ρ = −∞) and it implies an upper bound on the bound state
energies identical to what was deduced earlier from the depth of the potential
well, (
λEmax + κmc
2
)2 ≤ c2(λ2 − κ2)
4α2
. (48)
Equation (47) has two singularities, a regular singular point at ξ = 0
and an essential singularity at ξ =∞. The function f(ξ) may be expanded
in a Frobenius series about ξ = 0,
f(ξ) = ξs
∞∑
j=0
ajξ
j .
4The procedure to solve equations such as (37) is standard [34], readers can find details
in [20].
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The indicial equation that follows is
s(s+ 2k) = 0 .
The solution with s = −2k is not square-integrable at ξ = 0 and is dis-
carded. The remaining s = 0 case leads to an infinite series which must be
truncated, otherwise its growth would be exponential and again lead to an
unnormalisable solution (at ξ = ∞). Truncation leads to the quantisation
condition
n˜ = n, (n = 0, 1, 2...)
and thus from (44,45) we obtain
εn(α) := (λEn + κmc
2) = ±εn(0)
√(
1− α
2(εn(0))2
c2(λ2 − κ2)
)
, (49)
n ≤ nmax =
[
c
4α~
√
λ2 − κ2 −
1
2
]
. (50)
Here εn(0) = (λ
2 − κ2)3/4
√
(2n+ 1)~c is the energy spectrum for the unde-
formed case which coincides with the result from Ref. [33]. If nmax is not an
integer, then the largest bound state realized is for an integer less than or
equal to the value indicated. In fact En in (49) is a monotonically increas-
ing function of n, reaching a stationary point at an integer near nmax where
E = Emax (40) is attained, see Fig.(1). Energy function (49) forbid the
complex solution due to the truncation of nmax regardless of α parameter.
The exact bound states spectrum for q = 0 has only an α2 correction, which
shows the same behaviour as the deformed harmonic oscillator (DHO).
Next, the reduced Schrodinger equation is
ξ
∂2f(ξ)
∂ξ2
+
(
2kn + 1− ξ
)∂f(ξ)
∂ξ
+ nf(ξ) = 0; n ∋ Z+ (51)
with solutions given by associated Laguerre polynomials f(ξ) = L2knn (ξ).
The normalized wave functions are [34]
Ψ2knn (ξ) =
√
4αknn!
Γ(2kn + n+ 1)
exp(−ξ/2)ξknL2knn (ξ) (52)
with the following normalization condition,∫ ∞
0
dξ
2αξ
∣∣∣Ψ2knn (ξ)∣∣∣2 = 1. (53)
To illustrate the behaviour of the eigenfunctions, we plot an example Ψ2knn (ξ)
in Fig.(2) for n = 10. For small α and n, the wavefunction does not feel the
maximum momentum. In Fig.(2), it shows the probability density for the
n = 10 state which is already slightly asymmetrical with higher peak shifted
closer to p = pmax (corresponds to ξ = 0).
5 MCR and the Dirac equation with scalar-like
and vector-like linear potential
Consider the stationary Dirac equation describing a spin-12 particle of mass
m subjected to a scalar potential S(X) and vector potential V (X) as in KG
equation [35,36],
(E − V (X))ψ = [c~α · ~P + β(mc2 + S(X))]ψ, (54)
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where ψ is the Dirac spinors and (~α, β) the Dirac Matrices. In (1+1)-
dimension, ψ is represented by two components spinor and we can choose
the anti-commuting Dirac matrices (~α, β) as
α = σy =
(
0 −i
i 0
)
; β = σz =
(
1 0
0 −1
)
. (55)
Suppose we use the ansatz for the spinor ψ as
ψ =
[
cαP + β(mc2 + S(X)) + (E − V (X))]φ (56)
where (56) can be viewed as the “transformation” in the spinor space and
φ is a two components function satisfying the following,[
c2P 2 + (mc2 + λX)2 − (E − κX)2 − c[P, (βλ + κ)X]α
]
φ = 0 (57)
where we assume the linear potential (34). After completing square and
substituting the commmutator [P,X] and Dirac matrices, it leads to[
U2 +
c2P 2
λ2 − κ2 −
(λmc2 + κE
λ2 − κ2
)2
+
m2c4 − E2
λ2 − κ2 +
~c(1− 2αP )√
λ2 − κ2 M
]
φ(P ) = 0(58)
in which we have defined the scaled position operator as in (36). Here M is
the matrix defined as
M :=
1√
λ2 − κ2
(
0 λ+ κ
λ− κ 0
)
(59)
with eigenvalues of η = ±1 and two components eigenvector Rη, i.e. MRη =
ηRη . We assume the ansatz φ(P ) = Rηϕη(p) where ϕη(p) is a function of
momentum characterized by η = ±1.
With the new position and momentum variable U = −2i~α∂ρ, p =
(1− eρ)/(2α), we have[
− ∂
2
∂ρ2
+ V2(ρ)
]
ϕη(ρ) = ǫ¯ ϕη(ρ) (60)
with the potential
V2(ρ) =
(1− eρ)2
δ4
+
ηeρ
δ2
, −∞ < ρ <∞ (61)
and ǫ¯ is defined in (38). In contrast to potential V1(ρ) in KG equation, V2(ρ)
has a shifted minimum V2(ρ)
∣∣
min
= η(1/δ2−η/4) that happens at ρ = ln(1−
ηδ2
2 ). We see that the minimum of V2(ρ) is shifed up (or down) with regards
to V1(ρ)
∣∣
min
= 0 for η = 1 (or η = −1) case (see Fig.(3)). Furthermore,
similar to V1(ρ), V2(ρ) saturates to 1/δ
4 when ρ → −∞ regardless of η.
Thus, the energy of the MCR-inspired generalized Dirac equation with linear
potential is bounded from above which is similar to the Klein-Gordon case
(40), i.e. (λEmax + κmc
2)2 ≤ c2(λ2 − κ2)/(4α2).
Since (60) has same structure as (37) with new effective potential V2(ρ),
one can use the same method as in Sect.(3) to determine the exact bound
state energies and wavefunctions. After a change of variable and apply the
ansatz solution φ(ξ) = e−ξ/2f(ξ) (δ2ξ/2)k, we obtain from (47)
ξ
∂2f(ξ)
∂ξ2
+
(
2k + 1− ξ
)∂f(ξ)
∂ξ
+ n′f(ξ) = 0.
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Here, the definition of k is similar to (44) but n′ is modified to
n′ ≡ 1
δ2
[
1− ηδ
2
2
− (1− δ4ǫ¯)1/2
]
− 1
2
. (62)
The square-integrability condition of wave function at ξ = 0 or (ρ = −∞)
requires k value to be positive definite and hence predicts the same maximum
energy as in KG case, ǫ¯ = 1/δ4. Next, to avoid unnormalisable wave function
at ξ =∞, n′ has to be positive integers. Since we have the same maximum
energy cutoff, the maximum number of bound states is given by
n′ ≤ n′max =
[
c
4α~
√
λ2 − κ2 −
η
2
− 1
2
]
. (63)
From (62) we obtain energy quantization condition as
ǫ¯ =
1− (1− ηδ22 − (n′ + 12)δ2)2
δ4
= 2n(1/δ2 − n/2) (64)
where we have defined n ≡ n′+1/2+ η/2. The n value can take all nonzero
positive integers up to nmax for both η = ±1, with n = 0 is only possible
for η = −1 case. It is interesting to see that for non-zero principle quantum
number, i.e. n 6= 0, we have two possible pairs of (η, n′) that correspond to
the doubly degeneracies in the energy. They are (−1, n) or (1, n − 1). This
result is universal to MCR’s models including those with nonzero minimal
length [35, 36] and those with intrinsic maximum momentum. The energy
of the MCR-inspired Dirac equation with vector and scalar potential has
similar form to (49)
εn(α) := (λEn + κmc
2) = ±εn(0)
√(
1− α
2(εn(0))2
c2(λ2 − κ2)
)
, (65)
where εn(0) = (λ
2−κ2)3/4√2n~c is the energy expression for the undeformed
case which coincides exactly the result from literature [1]. Here n = 1, 2...
for η = +1 and n = 0, 1, 2, 3... for η = −1 case. If one consider to use n′ to
label the principle quantum number, the energy spectrum reads as,
λE
(+)
n′ + κmc
2 = ±2α~(λ2 − κ2)
√
2(n′ + 1)/δ2 − (n′ + 1)2 (66)
λE
(−)
n′ + κmc
2 = ±2α~(λ2 − κ2)
√
2n′/δ2 − (n′)2. (67)
Also, the bound state wavefunctions are exactly given by (52) with the
replacement n→ n′.
The difference in maximum number of states for both η = ±1 case is
n˜
(−)
max − n˜(+)max = 1. This is due to the difference in the depth of effective
potential V2(ρ) for both η = ±1. In fact, we see that η = −1 case captures
one additional state that reads (η, n′) = (−1, 0) or equivalently n = 0 (See
Fig.(4)). This scenario is consistent with the potential in Fig.(1) in which
V
(−1)
2 has real root at ǫ¯ = 0 while V
(+1)
2 is shifted up from the ǫ¯ = 0 line
since 1/δ2 − 1/4 > 0 for small deformed parameter α. We emphasize that
n = 0 state is absent in undeformed case since it does not belong to bound
state solution [35].
To summarize, our result is similar in several aspects to the model in
which there is a nonvanishing minimal length. For instance, there is an ap-
pearance of an additional energy level corresponding to the quantum number
12
n = 0 which is not a bound state solution for undeformed case. Nevertheless,
the bound states energy spectrum are different and bounded from above for
MCR case. MCR shifts lower an undeformed positive energy level and raises
an undeformed negative energy level. These are constrasting to the model
with minimal length. Furthermore, there is a maximum number of bound
states nmax which is absent in the GUP case.
6 MCR and the Dirac Oscillator
The Dirac oscillator is motivated in relativistic quantum mechanics to obtain
a potential that is linear in both the momentum and spatial coordinates,
and thus exhibits nontrivial equation of motion. It was shown to be ‘square
root’ of linear harmonic oscillator plus a strong spin-orbit coupling term [37].
One applies the non-minimal substitution in the free dirac Hamiltonian with
~P → ~P − imωβ~r, where m is the mass of the dirac particle and ω is the
oscillator frequency. The Dirac oscillator equation is
i~
∂
∂t
ψ = Hψ =
[
c~α · (~P − imωβ~r)+mc2β]ψ (68)
where ψ = (φ, χ)T is the Dirac spinor and (~α, β) are the Dirac matrices.
The Hamiltonian is manifestly Hermitian by the property of the Dirac α
matrix.
For stationary solution in one-dimension, we have
Eψ =
[
cα
(
P − imωβX)+mc2β]ψ. (69)
After choosing the representation α = σx =
(
0 1
1 0
)
and β = σz =
(
1 0
0 −1
)
,
we have
c(P + imωX)χ = (E −mc2)φ (70)
c(P − imωX)φ = (E +mc2)χ. (71)
From (71), we can express χ = c(P−imωX)
E+mc2
φ and substitute into (70) to
obtain (E2
c2
−m2c2
)
φ =
(
P 2 +m2ω2X2 + imω[X,P ]
)
φ. (72)
Using [X,P ] = i~f(P ), where f(P ) = 1 − 2αP + qα2P 2 and the represen-
tation (5)-(6), we can rewrite (72) as[
(1− qm~ωα2)p2 + (2m~ωα)p − (m~ωf(p)∂p)2
]
φ
=
(
E2/c2 −m2c2 +m~ω
)
φ (73)
for general q. For the case q = 0, after dividing both side by (2m~ωα)2, we
have[( p
2m~ωα
+
1
2
)2
−
(f(p)∂p
2α
)2]
φ =
[
E2 −m2c4
(2mc~ωα)2
+
1
4m~ωα2
+
1
4
]
φ.
(74)
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Similar to previous section, by performing a change to ρ variable, i.e. ∂ρ ≡
−f(p)∂p/(2α) we obtain the Schrodinger-like equation,[
− ∂
2
∂ρ2
+ V3(ρ)
]
φ(ρ) = ǫ¯1 φ(ρ) (75)
with the effective energy parameter
ǫ¯1 =
E2 −m2c4
(2mc~ωα)2
+
1
4m~ωα2
+
1
4
(76)
and the potential
V3(ρ) =
(1− eρ
δ21
+
1
2
)2
; −∞ < ρ <∞, (77)
where δ1 = 2
√
m~ωα. The potential, similar to Morse potential in Fig.(1),
has one minimum at V3(ρ = ln(1 + δ
2
1/2)) = 0, approaches positive infinity
as ρ → ∞ and approaches ( 1
δ21
+ 12 )
2 as ρ → −∞. Thus, the bound state
spectrum has a maximum energy limited by the depth of the well, ǫ¯1,max ≤
( 1
δ21
+ 12)
2, which translates to
E2max ≤ m2c4 +
c2
4α2
. (78)
In the nonrelativistic limit (c→∞), the energy spectrum (E = Enr +mc2)
reads,
Enr ≤ 1
8mα2
. (79)
This is the same as the upper energy bound of non-relativistic MCR-deformed
DHO [20]. It indicates that there exist a maximum energy/momentum in
which there are no bound states.
Introducting a variable ζ2 =
2δ21
2+δ21
, we can rewrite V3(ρ) as similar form
to V1(ρ) in Sect.(3)
V3(ρ) =
(1− eρ+ln(ζ2/δ21))2
ζ4
≡ (1− e
ρ¯)2
ζ4
, −∞ < ρ¯ <∞. (80)
where we have performed a constant shift ρ → ρ¯ = ρ + ln(ζ2/δ21). In ρ¯
variable, we can apply the same formalism in Sect.(3) to write down the
Schrodinger-like equation and it’s ansatz solution,
ψ(ξ) = e−ξ/2f(ξ) (δ2ξ/2)k, 0 < ξ <∞ (81)
in which the reduced Schrodinger equation is again given by (47)
ξ
∂2f(ξ)
∂ξ2
+
(
2k + 1− ξ
)∂f(ξ)
∂ξ
+ n˜f(ξ) = 0.
The definition of (k, n˜) are similar to (44)-(45) but have to replace the
(δ → ζ, ǫ¯→ ǫ¯1)
k =
√
1
ζ4
− ǫ¯1 > 0 ; (82)
n˜ =
1
ζ2
[
1− (1− ζ4ǫ¯1)1/2
]
− 1
2
. (83)
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Similar to the previous sections, the square-integrability condition of wave
function at both ξ = 0 and ξ = −∞ requires k value to be positive definite
and predicts the maximum energy, ǫ¯1 ≤ 1/ζ4. Also, n˜ has to be positive
integers, i.e. n˜ = n and bounded from above,
n ≤ nmax = 1
δ21
=
[
1
4m~ωα2
]
. (84)
From (83) we obtain energy quantization condition as
ǫ¯1 =
1− (1− (n+ 12)ζ2)2
ζ4
=
(
n+
1
2
)[2− (n+ 12)ζ2
ζ2
]
. (85)
Thus the energy of MCR-inspired Dirac oscillator is exactly given by
En(α) = ±En(0)
√√√√[1− α2
(
En(0) −m2c4/En(0)
)2
c2
]
, (86)
where E2n(0) = m
2c4
(
1 + 2n~ω/(mc2)
)
is the energy expression for the un-
deformed case which coincides exactly the result from literature [37]- [38].
The nonrelativistic limit of (86) is obtained as
Enrn(α) = ±Enrn(0)
[
1− 2mα2Enrn(0)
]
, (87)
and we consistently reproduce the non-relativistic DHO [20]. In addition,
the bound state wavefunctions are given by (52) with the appropriate re-
placement in (δ, ǫ) variables.
The expectation values of the position/momentum operator in the state
(52) can be evaluated as
〈X〉 = 0 (88)
〈X2〉 =
(
n+
1
2
)
~
mω
[
1− n
nmax
]
(89)
〈P 〉 =
( n
nmax
) √
m~ωnmax (90)
〈P 2〉 = m~ω
(
n+
[nmax − n
2nmax
])
(91)
and thus we have the uncertainties, i.e. (∆O)2 := 〈O2〉 − 〈O〉2
(∆X)2 =
(
n+
1
2
)
~
mω
[
1− n
nmax
]
(92)
(∆P )2 =
(
n+
1
2
)
m~ω
[
1− n
nmax
]
(93)
⇒ (∆X)(∆P ) =
(
n+
1
2
)
~
[nmax − n
nmax
]
. (94)
We see that at the maximum energy state n = nmax, the uncertainties
(∆X) and (∆P ) vanish and hence leads to classical phase as similar to
non-relativistic DHO.
15
7 Conclusion
We have studied relativistic wave equation under the scheme of one-dimensional
deformed Quantum Mechanics with intrinsic maximum momentum, but
without exitence of a minimal length, i.e. q ≤ 1. Modified dispersion relation
is studied and we have the superluminal character of photon propagation
in MCR(2) which is consistent with varying speed of light (VSL) phenom-
ena. Solution of free Klein-Gordon equation is obtained and at maximum
momentum, the wavefunction oscillates rapidly. We have two particles so-
lution with effective masses m± that change smoothly to ordinary mass in
the undeformed limit.
Using momentum space representation, we have solved exactly the Klein-
Gordon/Dirac equation with linear confining scalar/vector potentials and
the deformed Dirac oscillator. We have found the exact energy spectrum,
eigenfunctions and have shown that the correct non-relativistic, undeformed
limit are reproduced. Similar to non-relativistic DHO [20], the energies of
these systems are bounded from above due to the intrinsic maximum mo-
mentum cutoff. There is a maximum allowed bound state solution depending
on the deformed parameter α. For Dirac equation with linear potentials, we
have obtained an additional energy level with quantum number n = 0 due
to the maximum momentum. This effect cannot be distinguished from the
GUP case with minimal length [35]. For Dirac oscillator, it’s non-relativistic
limit is consistent with the deformed harmonic oscillator. The study in this
paper may have potential applications in quantum confinement and quan-
tum gravity phenomenology.
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Figure 1: The effective potential for V η2 (ρ). Note that the potential is satu-
rated to 1
δ4
when ρ→ −∞ as similar to V1(ρ). Dashed (solid) line refers to
η = −1 (η = +1) case. We set δ = 0.5.
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Figure 2: The characteristic εn energy spectrum for Klein-Gordon equation.
We set λ = 0.05, κ = 0; ~ = c = 1. Dashed line refers to undeformed case.
Purple/Red lines correspond to (α = 0.1; 0.15). Note nmax|α=0.1 = 49 and
nmax|α=0.15 = 32.
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Figure 3: The probability density for q = 0, n = 10. The horizontal axis is
ξ = 2(1 − 2αP )/δ2 and so ξ = 0 corresponds to p = pmax = 1/(2α) while
ξ =∞ corresponds to p = −∞. We set α = 0.1;λ = 1, κ = 0; ~ = c = 1.
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Figure 4: The characteristic εn energy spectrum for Dirac equation. We
set α = 0.1, λ = 0.05, κ = 0; ~ = c = 1. Green/Red lines correspond to
η = 1; (η = −1). Note there is an additional state for η = −1 at n′ = n = 0.
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